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Towards the unification of late-time acceleration
and inflation by k-essence model
Shin’ichi Nojiri
Abstract Based on the formulation of the reconstruction for the k-essence model,
which was recently proposed in [1], we explicitly construct cosmological model to
unifying the late-time acceleration and the inflation in the early universe.
1 Introduction
By several observations of the universe, it is widely believed that the expansion of
the present universe is accelerating [2, 3, 4]. In order to explain the acceleration,
many kinds of models have been proposed. In this report, we focus on so-called k-
essence model [5] in these models. The k-essence model is derived from k-inflation
model [6] and we may regard the tachyon dark energy model [7], ghost condensation
model [8], and scalar field quintessence model [9] with variations of the k-essence
model.
In this report, based on the formulation of the reconstruction [1] for the k-essence
model, we explicitly construct cosmological model to unifying the late-time accel-
eration and the inflation in the early universe (For consideration of unifying the
inflation with the late-time acceleration in modified gravity, see [10].). In [1], the
k-essence models which reproduce the arbitrary FRW cosmology, that is, the arbi-
trary time-development of the scale factor or the Hubble rate, has been explicitly
constructed. For general reconstruction, see [13, 14]. In [1], two cases have been
considered: One is the case that the action only contains the kinetic term and an-
other is more general case including potential etc. In the former case, it was found
that the exact ΛCDM model cannot be constructed although there is a model in-
finitely closing to ΛCDM model. In the model, however, the solution corresponding
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to ΛCDM model is unfortunately not stable. In the latter case, it has been found
that there appear infinite number of redundant functions of the scalar fields, which
are not directly related with the time development of the scale factor. By adjusting
one of them, however, we can always obtain the model where the solution we need
could be stable.
2 Formulation of reconstruction
In this section, we review on the formulation of the reconstruction proposed in [1]
and give the k-essence models which reproduce the arbitrary FRW cosmology, that
is, the arbitrary time-development of the scale factor or the Hubble rate. We now
consider a rather general model, whose action is given by
S =
∫
d4x
√−g
(
R
2κ2
−K (φ ,X)+Lmatter
)
, X ≡ ∂ µφ∂µ φ . (1)
Here φ is a scalar field.
Now the Einstein equation has the following form:
1
κ2
(
Rµν − 12 gµνR
)
=−K (φ ,X)gµν + 2KX (φ ,X)∂µφ∂ν φ +Tµν . (2)
Here KX (φ ,X) ≡ ∂K (φ ,X)/∂X and Tµν is the energy-momentum tensor of the
matter. On the other hand, the variation of φ gives
0 =−Kφ (φ ,X)+ 2∇µ
(
K (φ ,X)∂µφ
)
. (3)
Here Kφ (φ ,X) ≡ ∂K (φ ,X)/∂φ and we have assumed that the scalar field φ does
not directly couple with the matter.
In this section, we assume the FRW universe whose spacial part is flat: ds2 =
−dt2 + a(t)2 ∑i=1,2,3(dxi)2, and the scalar field φ only depends on time. Then the
FRW equations are given by
3
κ2
H2 = 2X ∂K (φ ,X)∂X −K (φ ,X)+ρmatter ,
− 1
κ2
(
2 ˙H + 3H2
)
= K (φ ,X)+ pmatter(t) . (4)
We included the matters with constant EoS parameters wi. Then the energy density
of the matters is given by ∑i ρ0ia−3(1+wi) with constants ρ0i and the pressure is
given by ∑i wiρ0ia−3(1+wi). Since the redefinition of φ can be absorbed into the
redefinition of K (φ ,X), we may identify the scalar field φ with the time coordinate
t, φ = t. Then we can rewrite the equations in (4) in the following form
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K (t,−1) =− 1
κ2
(
2 ˙H + 3H2
)−∑
i
wiρ0ia−3(1+wi) ,
∂K (φ ,X)
∂X
∣∣∣∣
X=−1
=
1
κ2
˙H +
1
2 ∑i (1+wi)ρ0ia
−3(1+wi) . (5)
By using the appropriate function g(φ), if we choose
K(φ ,X) =
∞
∑
n=0
(X + 1)n K(n)(φ) ,
K(0)(φ) ≡ − 1
κ2
(
2g′′(φ)+ 3g′(φ)2)−∑
i
wiρ0ia−3(1+wi)0 e−3(1+wi)g(φ)
K(1)(φ) = 1
κ2
g′′(φ)+ 1
2 ∑i (1+wi)ρ0ia
−3(1+wi)
0 e
−3(1+wi)g(φ) , (6)
we find the following solution for the FRW equations (4),
H = g′(t)
(
a = a0e
g(t)
)
. (7)
Here K(n)(φ) with n = 2,3, · · · can be arbitrary functions. The case that K(n)(φ)’s
with n = 2,3, · · · vanish was studied in [11, 12] and the instability was investigated.
It is often convenient to use redshift z instead of cosmological time t since the
redshift has direct relation with observations. The redshift is defined by a(t) =
a(t0)/(1+ z) = eN−N0 . Here t0 is the cosmological time of the present universe, N0
could be an arbitrary constant, and N is called as e-folding and directly related with
the redshift z. We now consider the reconstruction by using N instead of the cosmo-
logical time t and identify the scalar field φ with N Then since d/dt = Hd/dN, in
terms of N, the equations in (5) have the following expressions
K
(
t,−H2)=− 1
κ2
(
2H dHdN + 3H
2
)
−∑
i
wiρ0ia−3(1+wi) ,
H2
∂K (φ ,X)
∂X
∣∣∣∣
X=−H2
=
1
κ2
H
dH
dN +
1
2 ∑i (1+wi)ρ0ia
−3(1+wi) . (8)
By using the appropriate function f (φ), if we choose
K(φ ,X) =
∞
∑
n=0
(
X
f (φ)2 + 1
)n
˜K(n)(φ) ,
˜K(0)(φ) ≡ − 1
κ2
(
2 f (φ) f ′(φ)+ 3 f (φ)2)−∑
i
wiρ0ia−3(1+wi)0 e−3(1+wi)(N−N0)
˜K(1)(φ) = 1
κ2
f (φ) f ′(φ)+ 1
2 ∑i (1+wi)ρ0ia
−3(1+wi)
0 e
−3(1+wi)(N−N0) , (9)
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H = f (N) , φ = N . (10)
Note that if we define a new field ϕ by ϕ =
∫ dφ
f (φ) , which can be solved as φ as a
function of ϕ as φ(ϕ) and we find ϕ = t up to an additive constant corresponding
to the constant of the integration. We can also identify the expansion in (9) with that
in (6): ∑∞n=0
(
X
f (φ)2 + 1
)n
˜K(n)(φ) = ∑∞n=0
(
˜X + 1
)n K(n)(ϕ). Here ˜X ≡ ∂ µ ϕ∂µϕ ,
K(n)(ϕ) ≡ ˜K(n) (φ (ϕ)). Then even for the expansion in (9), we can use the argu-
ments about the stability and the existence of the Schwarzschild solution, which
will be given in the following sections.
3 Stability of Solution
We now investigate the stability of the solution (7) or (10). First we consider the case
without matter. From Eqs. (4), we can derive the following equation which does not
contain the variable g′′,
3 1− y
2
1+X
X =−
˙H
H2
+
κ2
H2
∞
∑
n=2
((n− 1)X− n− 1)X(X + 1)n−2K(n)(φ) , (11)
where y = g
′
H . Using (11), we can rewrite dy/dN = (1/H)dy/dt in the form which
does not contain g:
dy
dN = 3X
1− y2
1+X
(
˙φ
X
+ y
)
− κ
2
H2
∞
∑
n=2
[
( ˙φ + yX)((n− 1)X− n− 1)+ ˙φn(X + 1)](X + 1)n−2K(n)(φ) . (12)
When we consider the perturbation from a solution φ = t by putting φ = t + δφ in
(12), we obtain
dδ ˙φ
dN =
[
−3− g
′′
g′2
− ddN
{
κ2
6g′2 (8K
(2)− 2
κ2
g′′)
}]
δ ˙φ . (13)
If the quantity inside [ ] is negative, the fluctuation δ ˙φ becomes exponentially
smaller with time and therefore the solution becomes stable. Note that the stability
is determined only in terms of K(2) and does not depend on other K(n) (n 6= 2). Then
if we choose K(2) properly, the solution corresponding to arbitrary development of
the universe becomes stable.
We now investigate the stability when we include the matter. Then the equation
corresponding to Eq.(11) has the following form:
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3 1− y
2
1+X
X =−
˙H
H2
+
κ2
H2
∞
∑
n=2
(
(n− 1)X− n− 1
)
X(X + 1)n−2K(n)(φ) (14)
+
κ2
H2
X− 1
2(X + 1)
ρmatter− κ
2
2H2
pmatter− κ
2
H2
X
X + 1 ∑i ρ0ia
−3(1+wi)
0 e
−3(1+wi)g(φ) .
Then we find
dy
dN = 3X
1− y2
1+X
(
˙φ
X
+ y
)
− κ
2
H2
∞
∑
n=2
[
( ˙φ + yX)((n− 1)X− n− 1)+ ˙φn(X + 1)](X + 1)n−2K(n)(φ)
+
κ2
2H2X
(
−X− 1
X + 1
(
˙φ + yX)− ˙φ)ρmatter + κ22H2 ypmatter
+
κ2
2H2 ∑i
((
˙φ + yX) 2
X + 1
− ˙φ(1+wi)
)
ρ0ia−3(1+wi)0 e−3(1+wi)g(φ) . (15)
When we include the matter, the situation becomes a little bit complicated since not
only H but the scale factor a appears in the equation. Then we need equation to
describe the time development of a. By defining δλ for convenience as
δλ ≡ 3∑
i
(1+wi)ρ0ia(t)−3(1+wi)
κ2
6g′2
(δa
a
− g′δφ
)
. (16)
we obtain the following equations,
d
dN
(
δ ˙φ
δλ
)∣∣∣∣φ=t,H=g′(t) =
(
A B
C D
)(
δ ˙φ
δλ
)
(17)
A≡−3+ g
′′
g′2
+
κ2
2g′2 ∑i (1+wi)ρ0ia(t)
−3(1+wi)
− ddN ln
{
8K(2)− 2
κ2
g′′−∑
i
(1+wi)ρ0ia(t)−3(1+wi)
}
,
B≡ 3− 24K
(2)
8K(2)− 2
κ2
g′′−∑i(1+wi)ρ0ia(t)−3(1+wi)
,
C ≡ 3∑
i
(1+wi)ρ0ia(t)−3(1+wi)
(
κ2
6g′2
)2
×
{
8K(2)− 6g
′2
κ2
− 2
κ2
g′′−∑
i
(1+wi)ρ0ia(t)−3(1+wi)
}
,
D≡ ddN ln
{
κ2
2g′2 ∑i (1+wi)ρ0ia(t)
−3(1+wi)
}
− κ
2
2g′2 ∑i (1+wi)ρ0ia(t)
−3(1+wi) .
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Generally, 2×2 matrix must have negative trace and positive determinant in or-
der that two eigenvalues could be negative since the two eigenvalues are given by
1
2{trM±
√
(trM)2− 4(detM)}. So we just need to calculate the determinant and the
trace of the matrix for investigating the stability of the fixed point φ = t, H = g′(t).
Since the expressions in (17) are very complicated, we consider the case that the
solution is given by the behavior mimicing ΛCDM solution in the Einstein gravity
and the matter contents are given in the present universe. Then we find
a(t)∼ Asinh 23 [αt] , g′(t)∼ 23 α coth[αt] , (18)
κ2
α2 ∑i (1+wi)ρ0ia(t)
−3(1+wi) ∼ 23
1
sinh2[αt]
, (19)
κ2
α2 ∑i wi(1+wi)ρ0ia(t)
−3(1+wi) ∼ 49 × 1.86× 10
−4 1
sinh
8
3 [αt]
, (20)
where A ≡ (ρm0/ρΛ ) 13 and α ≡ κ
√
3ρΛ/2. Note that in (18) and (19), we neglect
the contribution from radiation, and in (20), there only appears the contribution from
radiation. Therefore the expressions in (18) - (20) could be valid at least when t ≥
109 years. By using (18) - (20), we find the following expressions of the determinant
and trace of the matrix in Eq.(17):
tr
(
A B
C D
)
∼−6+ 3
2
1
cosh2[αt]
−
8 κ2
α3
K(2)′− 43 cosh[αt]sinh3[αt]
2
3 coth[αt]
(
8 κ2
α2
K(2)+ 23
1
sinh2[αt]
) , (21)
det
(
A B
C D
)
∼
{
8 κ
2
α2
K(2)+
2
3
1
sinh2[αt]
}−1
×
[(
−27 sinh[αt]
cosh3[αt]
+ 36tanh[αt]
)
κ2
α3
K(2)′
+
(
72− 36 1
cosh2[αt]
− 18 1
cosh4[αt]
− 12× 1.86× 10−4 1
sinh
8
3 [αt]
)
κ2
α2
K(2)
−6× 1.86× 10−4 1
cosh2[αt]sinh
8
3 [αt]
− 3
2
1
cosh4[αt]sinh2[αt]
+3 1
sinh2[αt]cosh2[αt]
+ 4× 1.86× 10−4 1
sinh
8
3 [αt]
]
. (22)
Note that 1 < cosh[αt]≤ 2 and 0 < sinh[αt]≤ 1.7 in evolution of the universe, For
example, if we consider the case that K(2) is constant, then the trace of the matrix is
always negative and the determinant is positive when K(2) ≥ 0 since 72 κ2
α2
K(2) and
3/(sinh2[αt]cosh2[αt]) are dominant terms in Eq.(22). Therefore even if K(2) is
constant, the fixed point solution mimicking ΛCDM solution in the Einstein gravity
becomes stable as long as K(2) ≥ 0.
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4 Schwarzschild solution
We now consider the condition that there could be the Schwarzschild or Schwarzschild-
(A)dS solution for the action (1).
We now assume φ is a constant: φ = φ0, or the change of the value of φ is very
small. Then the Einstein equation (2) and the equation (3) given by the variation of
φ reduce to
1
κ2
(
Rµν − 12 gµνR
)
=−K (φ0,0)gµν +Tµν , (23)
0 = Kφ (φ0,0) . (24)
When Tµν = 0, if K (φ0,0) does not vanish, a solution of (23) is given by Schwarzschild-
(A)dS space-time. On the other hand, if K (φ ,0) vanishes, the Schwarzschild solu-
tion, which is asymptotically the Minkowski space-time, is a solution. The equation
(24) requires that Kφ (φ ,0) has an extremum in general or K (φ ,0) can be a constant
independent of the value of φ . Especially if K (φ ,0) vanishes identically, Eq.(23)
gives the Schwarzschild solution.
We now write K (φ ,X) as in (6), K (φ ,X)=∑n=0 (1+X)n Kn(φ). Then if K (φ ,0) =
0, that is, if K (φ ,0) vanishes independent of the value of φ , we find
∑
n=0
Kn(φ) = 0 . (25)
Especially we may choose
K3(φ) =−K0(φ)−K1(φ)−K2(φ) . (26)
Then if the condition (25) or (26) is satisfied, the Schwalzschild space-time is
always a solution independent of the value of φ as long as φ is a constant. Then
any point source of matter makes the Schwarzschild space-time which generates the
Newton potential. Then the correction to the Newton law could not appear. Note
that the value of the scalar field φ changes by the evolution of the universe but as
long as the condition (25) or (26) is satisfied, in a local region where φ is almost
constant, the correction to the Newton law could be negligible.
5 Construction of a model unifying late-time acceleration and
inflation
In this section, by using the formulation of the reconstruction, we try to construct a
model describing the late-time acceleration and the inflation in the early universe.
In the Einstein gravity, we have the following FRW equation
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3
κ2
H2 = ρtotal , − 1
κ2
(
2 ˙H + 3H2
)
= ptotal . (27)
Here ρtotal and ptotal are total energy density and the total pressure. Then we may
define total equation of state parameter wtotal by
wtotal =
ptotal
ρtotal
=−1− 2
˙H
3H2 =−1−
2
3H
dH
dN . (28)
As matters, we include the radiation and dust, which may corresponds to the
baryon and dark matter. Then as in the energy density of matter behaves as in (9),
ρ = ρradiationa−40 e−4(N−N0)+ρdusta−30 e−3(N−N0) . (29)
We may consider the following Hubble rate
H2 = H20
(
N2I +N2
)−γ
+
κ2
3
(
ρradiationa−40 e−4(N−N0)+ρdusta−30 e−3(N−N0)
)
. (30)
Here H0, NI , and γ are parameters assumed to be positive. Then by using (8), we
find
K(0)(φ) = H
2
0
κ2
{
2γφ (N2I +φ2)−γ−1 + 3(N2I +φ2)−γ} ,
K(1)(φ) = −H
2
0
κ2
γφ (N2I +φ2)−γ−1 . (31)
Note that in the expression of K(0)(φ) and K(1)(φ), the parameters describing the
matters like ρradiation and ρdust are not included.
We now investigate the cosmology described by the Hubble rate in (30). If H0 is
large enough, in the early universe, where we assume N → 0, the first term in (30)
could dominate H2 ∼ H20
(
N2I +N2
)−γ
. Then by using (28), we find
wtotal ∼−1+ 2γN3(N2I +N2) . (32)
Then N → 0, we find wtotal →−1, which corresponding to the effective cosmolog-
ical constant with w = −1. Therefore the inflation in the early universe could be
generated. When N becomes larger, the first term could become smaller and the
second term in (30) corresponding to the radiation could dominate. Maybe more
exactly, the second and third terms could be generated by the reheating after the
inflation, after that there could be complicated process for the matters like pair anni-
hilation (creation), baryogenesis (or leptogenesis). In this present report, we do not
discuss about the detailed process. After the radiation, the third term in (30) corre-
sponding to the dust could dominate as in the usual scenario. The contributions from
the radiation and matter decrease exponentially as a function of N, the first term in
in (30) dominate in the late universe again. Then wtotal is given by (32) again. For
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large N, corresponding to the late universe, we find wtotal →−1, again and there-
fore the expansion of the universe accelerates again. Note that, however, different
from the case of the small cosmological constant, H is not a constant but decreasing
function of N as H ∼ H0N−γ . Then the smallness of the scale of the acceleration in
the present universe might be naturally explained.
We now discuss more quantitively. Since H →H0N−γI when N → 0, if we assume
NI ∼O(1), the scale of H0 corresponds to the weak scale. In the action (1) with (31),
the dimensional parameter appears only in the combination of
M4 =
H20
κ2
= M2PlanckH
2
0 . (33)
Here MPlanck ∼ 1019 GeV is the Planck scale. Then if the scale of the inflation is
the Planck scale, H0 ∼ MPlanck, M is also the Planck scale, M ∼ MPlanck. If H0
is a GUT scale, H0 ∼ 1016 GeV, the scale of M is 1017∼18 GeV. We should note
that M is only one parameter with the dimension of mass in the action. We now
consider how very small scale corresponding to the late acceleration can appear
from only one dimensional parameter. In the present universe, if we denote the
present value of H by Hpresent ∼ 10−33 eV, under the assumption NI ∼ O(1), we
find C ≡ Plank scaleH0 ∼ 10
61 ∼ e140. Then when we assume H0 ∼MPlanck, we have
H0
Hpresent ∼ C. If we naively assume N ∼ lnC  NI , we find γ ∼ 28. Then we find
that the very small scale corresponding to the late acceleration can appear from only
one dimensional parameter M. Then the fine tuning problem might be relaxed. If
the equation of state parameter wdarkenergy of the dark energy could be given by (32)
with N  NI as wdarkenergy ∼ wtotal, we obtain wdarkenergy ∼−0.87, which is little bit
greater than the value obtained from the observation−0.14 < 1+w < 0.12[3].
6 Summary
In this report, we explicitly construct cosmological model of k-essence to unify-
ing the late-time acceleration and the inflation in the early universe (Note that such
reconstruction scheme for k-essence models may be extended also for presence of
Lagrange multiplier [15].). The construction is based on the formulation of the re-
construction for the k-essence model, which was recently proposed in [1]. The ac-
tion (1) can be expanded as a power series of 1+X = 1+∂ µφ∂µ φ as in (6). For the
cosmological evolution of the Hubble rate H, only the first two terms in the series
are relevant. The third term is relevant for the stability. The fourth or higher terms
are relevant for the existence of the Schwarzschild solution, which may reproduce
the Newton law if the scalar field is not directly coupled with the matter.
In the constructed model (31), only one dimensional parameter, whose scale
could be equal to or a little bit smaller than the Planck scale but the small scale
of the present Hubble scale can be produced. We have not discussed about the re-
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heating and structure formation in the universe etc., which will be discussed in the
forthcoming paper.
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